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^ . Abstract 
■ 

' We consider the classical problem of the blowing-up of solutions of the nonlinear 

■ heat equation. We show that there exist infinitely many profiles around the blow- 
up point, and for each integer k, we construct a set of codimension 2k in the space 

' of initial data giving rise to solutions that blow-up according to the given profile. 

0^ ■ 



_>> 1 Introduction 
I 

O i We consider the problem of the blow-up of solutions of the initial value problem 

CJ . Ut = Uxx + (1) 

'. where p > l,u = u{x,t),x G R, and m(-,0) = uq E C°(R). It is well-known that, for a 

■ large class of initial data uq, the solution will diverge in a finite time at a single point 



(for reviews on this problem, see [p|, p!^). 

We are interested in the profile of the solution at the time of blow-up. To explain 
what this means, let us fix the blow-up point to be and the blow-up time to be T. 
Then, we ask whether it is possible to find a function f*{x) and a rescaling g{t,T) so 
that 

lim(T-t)i^ u{g{t,T)x,t) = fix) (2) 

Moreover, we want to see how g or /* depend on the initial data. 

The prefactor (T — t)~ in (2) can be understood easily: for initial data uq{x) 
constant in x, u{t) solves the ODE ii = m^, i.e. u{t) = {{p — 1)(T — t))~ for T = 

{p— l)^^ul~^. We therefore expect that /*(0) = (p — However, we want to obtain 

/* for a; 7^ 0. In [l^, 0, 0, |l^] (see also [|, H) several possible /*'s are discussed. 
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and the set of initial data that will lead to a given /* is partially characterised. In the 
present paper, we shall show that there exists, in the space of initial data C°(R), sets 
Aik of codimension 2k, such that, for uq G Aik, the limiting behaviour (2) is obtained, 
in the case k = 1, for 

g{t,T) = ((r-t)llog(T-t)l)^ (3) 
= {p-l + b*x^)^ (4) 

where b* = ^-^T"^^ , and in the case k > 1 for 

g{t,T) = (T-t)^^ (5) 
= (p-l+bx'')^^ . (6) 

where now b is an arbitary positive number. 

The lowest codimension 2 corresponds to fixing two parameters in the data that 
specify the blow-up point and time. To reach the other "strata", 2k — 2 additional 
parameters describing the data need to be fixed. 

Now we want to relate this problem to the renormalization group approach to the 
study of the asymptotic behaviour of solutions of nonlinear partial differential equations; 
this approach was initiated and developed in |^, || and, from a mathematical point 
of view, in 0]. Although our actual proofs do not rely very much on this approach, the 
ideas used here are close to the ones of the renormalization group. In this approach, 
the long-time behaviour of the solution is related to the existence of fixed points of 
the renormalization group transformation (which basically amounts to solving the PDE 
over a finite time interval, and combining this with some scaling transformations). A 
given asymptotic behaviour is obtained, provided the initial data lie in the basin of 
attraction of a given fixed point. This basin of attraction is called a "universality class". 
In the simplest cases, the fixed points are stable but, in general, there can be one or 
more unstable or neutral directions for the renormalization group flow around the fixed 
point. This is exactly what happens here: /* and can be viewed as a fixed points of a 
renormalization group transformation having 2k unstable ( "relevant" , in renormalization 
group terminology) directions. Thus, to converge towards the fixed point, one has to 
fine-tune 2k parameters (one for each unstable direction) and this explains why Aik is 
of codimension 2k, and in what sense /* is "universal" . In addition, we encounter also 
one neutral ("marginal") mode, which, for k = 1, turns out to be stable when nonlinear 
effects are taken into account and for k > 1 parametrizes a curve of fixed points. Thus, 
our result is also connected to the center manifold theory. 

Our results are perturbative, i.e. the sets Aik consist of initial data that are close to 
the corresponding fixed point. Therefore, our results are similar to those of Bressan 
who considers a nonlinearity instead of and obtains the universal profile analogous 
to our k = 1 case. However, his method is different from ours and we obtain a control 
over the limit (2) which is uniform in x. 
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To describe our main results, let us fix a positive number T, and introduce 

^ TF^«o((|logT|r)U) k=l 



Let first k — 1. We write the initial data as 



f{o = rm + /_"^^f^, )+9io (8) 



where, given g G C°(R), rfg and di arc the two parameters to be fixed. We have 

Theorem 1. There exists a To > such that, for each < T < Tq and g G C°(R) with 
llS'lloo < (log To)~^ one can find do and di, such that the equation (1) with the initial 
data (7), (8) has a unique classical solution u{x,t) on R x [0,T) and 

hm (T - t)^M{{T - t)\\og {T - t)\yH, t) = no (9) 

uniformly in ^ on R. 

Remark 1. We get a much more detailed information on u{x, t), see the Proposition in 
Sect. 3. 

p 2p—l 

Remark 2. To leading order, do{p — 1) ^-^ = ~i^' ^^^^ ^ ~ — 1) i-p , and 

is independent of g (see Lemma 2 in Sect. 3 below). This means that do (and di) are 
nonzero, even if we have g{0 = in (8). 

Remark 3. The proof can be extended to more general nonlinearities, than (1): we 
actually give below the proof for the equation 

Ut - U^a: +UP + F{u) (10) 

and we will assume that F : R ^ R is Lipschitz and satisfies 

\F{u)\<C{l + \u\'') (11) 

with < q < p, and 

\F{\ui) - F{\u2)\ < CA'^l^i - M2I 

for \ui\, 1^2 1 < 1 and A > 1. With little extra effort the proof extends to nonlinearities 
F{u,Ux) in (1.10) that depend on Ux- We need then 

\F{u,Ux)\<C{l + \u\'i + \uxn (12) 

with q as in (11), 

^ < ?TT- (^^* 

and the corresponding Lipschitz bound. 
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RemcLrk 4. The proof also extends to a; G R", n > 1; di^ in (8) becomes di • ^ where di 
is an n-component vector and ^"^ becomes Thus, we need to fix n + 1 coefficients. 

For simphcity, we shall keep n = 1. 

For A; > 1, we take the data of the form 

no = f:m + e d^e{p - 1 + be'r') + gio (14) 

i=0 

where di are now the parameters to be fixed, once a e C°(R) is given. We have then 
the 

Theorem 2. There exist Tq > and e > such that for < T < Tq and g in C°(R) 
with \\g\\oo < £ there are constants rfj G R such that the equation {l)with the initial data 
(14) has a unique classical solution u{x,t) on R x [0,T) and 

hm (T - t)^^u((T - t)^^t t) = m) (15) 

uniformly in ^ on R, for some b* > 0, where b* ^ b as £ — > and Tq — > 0. 

Remcirk 1. Thus we have, for /c > 1, a line of fixed points f^ and given initial data 
in the codimension 2k set in C'^(R), the u(x,t) arrives to this line as t — > T. The only 
effect of the g in the data (14) is to " renormalize" the b occurring in the data. Compare 
with the k = 1 case where there was a unique fixed point /*. 

Remark 2. Note that our assumptions, in both Theorems, allow initial data that are 
not everywhere positive. 

Remark 3. Again, more general equations can be treated, but we leave that formulation 
for the reader. 



2 Dynamical systems formulation 

In this section we describe a change of variables that transforms the problem (1.10) into 
a problem of long time asymptotics. We also explain the main ideas of our proof. 

We write (1.10) in the "blow-up-variables": given a, u : R x [0,T) — > R, define 
: R X [- log T, oo) ^ R by 

u{x, t) = {T- ^)"^y( ^y4)V2fe ' - - ^))- 



Then u is a, classical solution of (1.10) if and only if (p{^, r) is a classical solution of 

= Lf<f"-^Cf'-^^ + f' + Fr{'fi) (2) 
^{C,ro) = TF^«o(T^O (3) 
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where tq — — log T, 

L, = e5-(^-^/"). (4) 

and 

F^{(p) = e"^^F(e^(/?). (5) 

We will construct global solutions of (2), with suitable initial data thereby establishing 
blow-up for (1.10). Note that, for k — 1, the scaling in (1) differs from the one used in 
(1.9) by a factor t'^/^. 

Consider first the k = 1 case with F — 0. To understand the dynamics of (2), let us 
start by considering its linearization around the constant solution ip — [p — 1)^ . The 
linear problem is = Ccp, where 

jC^d'-^^d+l. (6) 

with d = d^. Hence, the first thing we have to do to understand the stability of the 
constant solution is to study the spectrum of the linear operator C 
L is self-adjoint on T){^C) C i^^(R, d\i) with 



dm = (7) 



The spectrum of C is 

spec{C) = {1 - - I n e N} (8) 
and we take as eigenfunctions multiples of Hermite polynomials 

hnio = E „ ' ., (-i)-r-^- (9) 

that satisfy 

j hnhmdi^ = 2''n\6nm (10) 

and 

Ti 

CK = (1 - l^)hn. (11) 

Thus the derivative of the RHS of (2) at the constant solution has 2 expanding ( "rele- 
vant") directions and one neutral ("marginal") one, h2 = — 2. 

How do wc understand now the emergence of the fixed point /*? We get a clue on 
what should happen by considering the following scaling: let 

(/p^e, r) = (^(LC, LV) (12) 

ifL satisfies the equation 

H,{ipL) = L-\-ipL + ^l) + Fi2,((^i). (13) 
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where we defined 

HM = ^^d^V + - ■ (14) 

Hence, as L — > oo, we expect the solutions of Hk{ip) = (for k = 1) to be relevant. 
These are, for any k, given by the one-parameter family (see (1-6)). Before we explain 
why only one b* is selected, we will compare the above with the k > 1 case. 

For A;>1, asr— >oo, we expect the solution of 

+ ^ (15) 

to be relevant (see (2,4)). This can of course be integrated in closed form, but before 
doing that, let us first look at its linearization around the constant solution (f = {p — 
1)~. The linear problem is = jCoo4>, where 

(16) 

and so, e.g. in the space of polynomials, we have now 2k expanding directions corre- 
sponding to for n < 2k. 

Equation (15) is solved by putting <^(^,r) = e~p^/i(e~'^/^'^^, r) whereby drh{y,T) = 
e~'^h{y, tY and so, for p = r — tq 

e-i^/(e-^/^^0 ..7. 

'^^^'^^ [l-(p-l)/(e-p/2'=0f-i(l-e-'')]Vf-i ^ '> 

where </?(^, tq) = /(O- Depending on /, (17) has several possible asymptotics as p ^ 00. 
In the space of constant /'s we have the stable f — and unstable f — {p — 1)"^^ 
fixed points. The latter is stable in a suitable codimension 2k space: let us consider say 
/ smooth, 

/(O) = {p- 1)-F^, /W(0) = £<2k, f''\0) = (3<0 (18) 



0</(e)<(p-l)"^ Ct^O. (19) 
M^:r)-MO\-tO (20) 



r— +00 



and 

Then, for all ^ e R 
where 

A(0 = (p-i + O"^ (21) 

for some b depending on f3,k, p. 

These considerations thus lead us to expect (2) to have global solutions with initial 
data in a suitable codimension 2k set in a ball around (21) in a suitable Banach space. 
Note however, that the perturbation L~^(/?^^ in (2) is a very singular one: we certainly 
need to keep track of its smoothing effects. On the other hand, we want to retain as 
much as possible of the nice picture obtained above in the r ^ 00 limit. We explain now 
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how this is done for (2) hnearized around the constant solution, leaving the nonlinear 
analysis to the actual proof in Section 4. 

The linearization of (2) around the constant solution is = CrCf) where 

= L-'dl - ^id^ + 1, (22) 

In order to study linear stability, we thus need some properties of the fundamental 
solution Kt-„ of (22), i.e. 

drKr^ = CrKra, = Id. (23) 

Kra is conveniently found, by conjugating the problem (23) to a time independent one: 

Kr. = SrC^^-'^'^^S-^ (24) 

where 

{Srem = o{LrO (25) 

and C is given in (6). Thus, in terms of kernels 

K,,{i,0 = L.e(^-'^)^(L.e,L.r) (26) 
and, since the kernel of e^"^ is given explicitely by Mehler's formula |T^: 

e^^i.O = [4vr(l -e-0]-^/^e^exp h^^^^:^], 
(26) can be written in the form 

KrA^,e) = e'h<e-''/"'^-a (27) 
where p = r — a, L'^ = Ll{l — e^'')~^, and 

= ^e-^'^'/' (28) 



(27) and (28) show clearly that the effect of the ^d^ is to smoothen the kernel of the 
linear problem (see (16)), = (1 — ^C,d^)ip, which is just 

K{^,0^e''6{e-^/''^-0 (29) 

i.e. the distributional limit of (27) as L — >■ oo i.e. as o" — > oo. 

As in the k = 1 case, we may now study the stability of the linearization in a Hilbert 
space. The "eigenf unctions" of Kra are readily obtained From (9) by the conjugation 
(24). We put 

hn{^, r) = l;-K{L^O = E • (-L;^)-r-^- (30) 

^om!(n-2m)! 
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(note that /i^ — > as r ^ oo) whereby hn{-,T) form a basis of (R, d/ir) where 

df^AO = -^^''^^'^^'d^ (31) 

and 

ihn{;T),hm{;T))r = J r)hm{C, r)diir{0 = L;2"2"n!5„^. (32) 
We then have 

KrM; <y) = e(^-'^)(^-"/^^)/i.(-, r) (33) 

which should be compared with K'^pn = e^^^'^^pn for Pn(0 = C"- The hn with n < 2k 
form thus a convenient basis for the expanding modes. 

Finally we want to comment on the effect of the nonlinear terms. The linear anal- 
ysis presented above deals with deviations from the constant solution and turns out to 
describe the solution well for |^| not too large. We thus need to understand why the 
fixed points are selected, and, for k = 1, why only one b* occurs. Finally wc need 
to understand the stability problem for |,^| large. We shall only discuss here the k — 1 
case, since A; > 1 is actually easier (see Section 4). 

Consider k = 1. We introduce 

M^,r)^{p-l + be/T)^- (34) 

where the factor r can be understood by comparing the scaling in (1) and in (1.9), and 
we study the fiow near (ph. Let us rewrite (2) in terms of r), where 

v{^,r) = ipb{^,T) + 7]{^,T). (35) 

We get, using Hi{(pi,) — (see (14)), 

r) = rj" -Hi{ipb + r]) + Hi{'Pb) + 'Pb-'Pb + Fr{ipb + v) 

= {/: + W)ri + M{ri) + ip'l-ipb + FAvb + v) (36) 

where we write = 1 and introduce 

p—i p—i' 

W = pi^l' - ^) (37) 

Mir])^{^b + Vr-^1-P'4~'v- (38) 

£, given by (6), has two unstable modes. Note that, formally, (i.e., for ^ of order one) 
W is 0(t~^), M is nonlinear in rj and (p'^ — ip[ is 0{t~^). Our goal will be to construct 
a center manifold for (36), i.e. to find the parameters d^, di in (1.8), such that the fiow 
of (36) stays bounded. 

To explain the idea of the proof we first consider the special case p = 2 and rj even 
in ^, which will imply di = in (1.8). This example contains all the relevant features of 
the general case. Now, 

cpb{tT)^{i+be/Tr\ (39) 
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It is convenient to first find do approximately, exact to order l/r. Let 

Voir) = - (40) 

T 

and define ip by 

Then t/j satisfies the equation 

ip^{C + V)ip + N{iP) + a (41) 
with (for later purpose we write this for general p) 

V = pii'Pb + Vor-'-^) (42) 

N{ij) = {^, + rjo + ^r-iVb + Voy~PiVb + VoY-'i^ + Fr{ipb + Vo + i^^) (43) 
a = ip'^-ipb + {/: + W)7]o-f)o + M{r]o) 

= ip'l-ipb + Vo + Wr]o-r]o + M{r)o). (44) 

We shall see how to choose a and b so that the flow of ip in (41) can remain bounded. 
Let us decompose ip as 

^l' = Mr) + Mr)h2 + i'^ (45) 

where ijj-^ is orthogonal to hn, n <2 (we will later in the actual proof refine (45)). Next 
we expand V and a (for ^ — C'(l)): 

V=-HM! + ?^ + 0(^) (46) 

(a - 26)t-^ + {a + a^ + (126' - 6 - 2ab)^^))r-^ + C(r-^). (47) 



Inserting (40), (45) in (41) and retaining only the leading terms in l/r and ipi, i — 0,2, 
we get from ipi = {2H\)~^{hi, ip) ((•, •) is the scalar product of I''(R, dii)): 

tPo = + (a - 26)t-^ + i?o (48) 
= /3t- V2 + (126' - 6 - 2a6)T-' + i?2 (49) 

where i?o = C(r-' + r'^] + |^n,i?2 = ^(t-^ + r'^lM + r-^\H + |V'n,and (3 = 
2a — |6(C'/i2, — 2a — 20b (coming from the Vip term in (41)). We choose now a so 
that the 0{t~^) term in ipo vanishes i.e. 

a = 26 (50) 
and 6 such that the 0(t~') term in ip2 is zero: 

6 = 6* = 1/8. (51) 
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Note that this choice correspond to b ~ b* in (1.4) for p — 2 and a as in Remark 1.2. 
Then (3 — —2 and our equations read 

2 

V^O = ^0 + i?0, ^2 = ^2 + R2- (52) 

T 

Now, 

V'o = C»(t-'), ^^2 = C»((log t)t-2) (53) 

would be consistent solutions. Of course, wc need to show that the expanding variable 
V'o will satisfy (53) by a suitable choice of iPq{tq)^ i.e. of the parameter in Theorem 1. 
This is rather easy to do, using the fact that V'o is expanding; in the general case (with 
di 7^ 0), we shall use a topological argument. 
If we were to expand ■0-'- in (45) as 

oo 

V'^ = E^2i/l2i (54) 

1=2 

we would then formally get 

i^2i = -{i - l)ip2i + C(1/t^+0 + NiiP)2i (55) 

(in a, we have an extra factor of coming from the derivatives or from tjq) and the 
formal solution would be 

Mr) = 0{r-^-') (56) 

so that i}2i{'T)h2i{iT^^'^) ^ as r — > oo, for all i (to prove (1.9), we need to scale ^ here 
by T^/^, see (1)). However, (54) will not be a good representation for large ^ and we 
need to proceed differently. 

We decompose ip io a, part localized on an interval around the origin and to a part 
describing the large |^| behaviour. For this let x ^ C'^(R) be non-negative, % = 1 on 
[-1, 1] and X = on [-2, 2]". Let X > 0, and put 

x{i.r)^x{{KT''\'i). (57) 
K will be taken suitably large, see below. Let now 

tlj = iljX + il^{l-x)='4^s + ipi (58) 
The "small ^ part", -05, will be decomposed as above: 

MC,r) = ^o(r) +^2(r)/i2(0 +^^(e,r) (59) 

and we shall prove that 

\Mr)\ < Ct-' (60) 

\Mr)\ < T-'+' (61) 

\MC,r)\ < C{l + \e)T-' (62) 

UiMWoo < Ct-^I^. (63) 
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for any S > 0. This bound on ^2 is a convenient upper bound on the (log r)r~^ behaviour 
which is expected on the basis of (52,53). Note that i/jq, -02 are functions only of r, while 
ijj-^, ipi depend on r and ^. 

The detailed ipi bound will be explained in the proof below, but here we want to 
comment only on the decay in ^ that we expect. The reason that (54) is not a good 
expansion is that the eigenfunctions of £, i.e. hi, grow at infinity; the more they are 
contracted by e^"^, the more they grow. This would make the nonlinear term in (41) 
impossible to control. However, for |^| > Kr^f^, the V in (42) (see (39)) is not any more 
small; actually C + V behaves like C — in that region and this operator has purely 
negative spectrum. This is why an L°°-bound such as (63) will hold. 

The proof of the general p case is very similar. We have now 2 expanding modes (if 
77 is not even), and the number b is again determined from a condition that the neutral 
mode contracts like (with possibly logarithmic corrections). 

3 The proof, k = 1 

Theorem 1 reads, in terms of ip, as 

Theorem 3. There exists a Tq > such that, for each < T < Tq and g G C°(R) with 
\\g\\cx> < (log To)~^ one can find do and di, such that the equation (2.2) with the initial 
data (2.3, 1.7, 1.8) has a unique classical solution </3(^,t) satisfying 

Jim ||(^(-rV2,r)-r(-)||oo = 

We consider the equation for ip given by (2.41)-(2.44). The initial data is given by 
(see (2.3),(1.7),(1.8),(2.35),(2.40)) 

i^iC,ro) = ^^*(^'^o)(^^^^i|^) - aro"^ + ,(ero-^/^) (1) 

Next we state the properties of ip that we want to establish. We write ip as in (2.58), 

^|^^^s + ^l (2) 

with this time ^ 

Mtr)=J2^mir)hrr^iO+^H^,r). (3) 

m=0 

We will prove the 

Proposition. With the assumptions of the Theorem, for any 5 > 0, there exist a tq and 
constants do,di, such that ip, given by (2), (3) will satisfy 

I^Ur)|<|^_2+, 
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\^HC,T)\<A{l + \e)r-' (5) 

and 

Ul\\oo<AiT-"^. (6) 

for some constants A, Ai, uniformly on [tq, oo). 

Remark. Theorem 3 follows immediately from the Proposition, which implies that 
||V'(•T^/^r)||oo < 0(t-^/2) (by (2.57), 1^1 in V. is bounded by 2Kt^I'^). The 5 in (4) may 

be made arbitary small by increasing Tq (i.e. decreasing the data in ip or, equivalently, 
taking T small and Uq large in (2.3)). It will be convenient in the proof to distinguish 
between A and Ai. 

Proof. Let us assume that (4)- (6) hold for some a > tq and study the existence and 
properties of the solution for subsequent times on an interval [cr, cr + p] . We shall choose 
below a sufficiently large constant p, and prove iteratively our bounds on intervals of the 
form [t„, Tn+i] with r„ = tq + np. 

To prove existence and uniqueness, write (2.41) as an integral equation 

r 

V'(t) = K{t, a)iP{a) + J dsK{r, s)[N{il;{s)) + a{; s)] (7) 

for iP{t) = ip{-, r). K is the fundamental solution of the linear equation K — {C-\-V)K. 
We study the three terms in (7) separately. 

We expand the linear term in if) as in (2) and (3): 

K{t, a)i^{a) = emhm + 0^ + Oi. (8) 

m=0 

with 

Oii^.r) = {l-x{^,r)){K{T,a)i^{a)m. (9) 
Lemma 1 collects the bounds for the ^'s: 

Lemma 1. For any p > 0, there exists a tq such that, ifip{a) satisfies (4)-(6) for a > tq, 
then, for t < a + p, 

IUT)-e('-^^^"-'^Vm(<7)| < {T-a)CT-'+' m = 0,l (10) 

\e,{r) - < ir-a)CAT-' (11) 
r 

\0^{^,r)\ < C(e-^(^-'^M + e-(^-<^)'AO(l + |e|')r-' (12) 

||^K-,^)lloo < C{Ae-^ + Ae^^-'^^)T-'^ (13) 

Here and below we use C or c to denote a generic constant, which may vary from 
place to place. C may depend on K in (2.57), but not on A, Ai or anything else (unless 
explicitely stated otherwise), and, since we shall consider K as fixed, but sufficiently 
large, these constants are fixed also. 
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For the a-term, we need to specify r/o, i.e. the number a in (2.40), as weU as 6*. so 
that the contribution of a to -0 is (almost) of the same order of magnitude as the bounds 
(10)-(13). We have 



Lemma 2. Let 



2p-l (t) — 1-P 

a = 26*(p-l)^ = (14) 



i.e. h* = and set b = b* in (2.44). Define 



Then ^(^,r, cr) has an expansion as in (8): 

2 

^ = I] ^m/im + + .4/ (15) 



m=0 

with 



\Am{,r,a)\ < {t - a)Ce^^-''^T-^ m = 0, 1 (16) 

\A2{r,a)\ < {T-a)CT~' (17) 

\A\^,T,a)\ < (r-a)C(l + |e|V (18) 

\\Ai{;T,a)\\^ < (r - (7)Ce(---)T-^ (19) 



Given Lemmas 1 and 2, we may next solve (7) by the contraction mapping principle. 
Thus, write (7) as 

V;(r)=^°(r)+AA(V',T) = 5(V^,T) (20) 

where collects the linear and inhomogenous terms that were bounded in Lemmas 1 
and 2. 

Consider now the following norm on C°(R). For ip G C"^(R), wc set 

iVk = r'-'\\{l + l^fr'xHoo + r^-1(l - x)V'||oo, (21) 
where x — xi'i '^)- We have 

Ci(r)||^|U<|^|.<C^2(r)||^||oo (22) 

for Ci(r) > and thus C*^(R) is complete in the norm | ■ |^). 

Equation (20) is now solved for 'iP{t) G C°(R) for r G [a,a + p], with the norm 

IIV'llp- sup \^{r)\r. (23) 

We shall choose below p large enough and then take tq so that, for a > tq, we have, 
- <l + ^ <2, e^P <T^ and A, Ai < r^. Then, it is an immediate corollary of Lemmas 
1 and 2, that 

UX < C (24) 
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and we shall prove 
Lemma 3. S maps the ball 

Bo^ii^e C'{R) I IIV^ - < pr-^'} (25) 

into itself and, for ipi, ■02 £ Bq, 

\\S{i;,)- 30^2)11 <X\\^i-Mp (26) 
with A < 1. Moreover, for ip e Bq, we can write 

Uii^, t)^Y. f^rnhm + + Pi (27) 

where, for t & [a,a + p], 

(28) 
(29) 
(30) 
(31) 







=0 




\Pm{r)\ 


< 


{r 


-a)T-'^ m = 0, 1 


mr)\ 


< 


(r 


- a)T-^ 




< 


(r 


-a)(l + |e|V 


IIA(-,r)|U 


< 


(r 


— (j)t~2 



Remark. Using the Lemmas, it is straightforward to show that (7) has a C° solution ip. 
Using integration by parts and the regularity of the kernel K{t, a) (see (41, 44) below), 
one can show that this solution is actually smooth and is the unique classical solution 
of equation (2.41). 

With Lemmas 1-3 we may now prove the Proposition. First, writing ip = ip^ + ip'^ , 
we have the bounds (28-31) for and thus, combining these with (10)-(13), (16)-(19), 
we get the following estimates for the flow, ior t < a + p, a > Tq: 

- e(i-t)(^-'^)iv..(f7)| <{r- a)Ce^^-''\-^ m = 0, 1 (32) 

|V'2(t) - (-)V2(<t)| < (t - a)CAT-' (33) 
r 

|V'^(e, t)| < C(e-^(---)A + e-(---)' A + (r - a))(l + |e|=^)r-^ (34) 

r)\\oo < C{Aie~'-^ + Ae^^-'^) + (r - a)e(^-'^))r"^ (35) 

Now, we use (32-35) to prove the Proposition inductively. First, we prove the bounds 
(4-6) for all times of the form r„ = tq -|- np, n > 0, with some constants A, Ai. Then, it 
is easy to get (4-6) from (32-35) with a = r„, with possibly other constants, depending 
only on p, for all times (for m — 2, one uses inequality (38) below). 

Next, we observe that, for n = 0, r = Tq, ip is given by (1) and ||g'||oo < Tq"^- We have 

\Mro) + -- c?o7o| + 1^1 (To) - c?i7iro"'^'| < Ct^\ (36) 

To 
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for nonzero constants 7o,7i- From (1) and (36), it is easy to see that (4)-(6) hold for 
n = 0,T = tq for a suitable choice of d^^di. Actually, one also sees from (36) that we 
may, instead of varying d„i vary '0m(To)- Let '0m(''"o) be in the interval [— Atq"^, Atq"^] 
for A large. Let us assume now that we can find '(/'m(To) in that interval, such that (4) 
holds for m = 0, 1, for all times, with A replaced by A. Then, (5,6) hold, using (34,35): 
choose p large enough so that 

C{Ae-p'^ + Aie-P" + p) < A 

CiAie-^'P + Ae" + pe^) < Ai (37) 

This is possible, for suitable A, Ai, if we take CAef < ^ and A^e"^' < |, i.e. CeP-^^ < |. 
For (4) with m = 2, we have 

< (ar-^)V-2+^ + (r - a)CAr-^ < t-^+^ (38) 

for T > a, large enough. 

It thus remains to show that there exist tjJmi'To) G [~^To'^, ■^'Tq'^]^ m = 0, 1, such that 
(4) holds for all r. Suppose such '0f„(ro) did not exist. Set y — ^"^Tq (■^o('7o), 'V'i(to)) G 
C = [-1,1]^ C R2 and = A" V(V'o(r), '0i(t)). We have shown that = (f){T,y) is 
continuous in r and y. Moreover, by the above assumption, for all y there exists a first 
time T{y), such that (f){T{y),y) G dC. Also, by (32), the fiow (f){r,y) is transversal to dC 
(by induction, (32) holds up to time T{y)). This implies that T{y) is continuous. Thus, 
y — > (f){T{y),y) is a continuous map from the unit square C in to its boundary dC, 
which is the identity on the boundary. Such a map can not exist, since C is contractible 
to a point and this map would then provide a homotopy between the identity map 
and the constant map. Thus we can choose the do, di such that (4), and hence 
all the other claims of the Proposition hold. □ 

To summarize, the logic in the choice of constants is as follows: first, take K in (2.57) 
large enough, and 5 small enough, so that various estimates hold. For example, we shall 
use often the bound (see (2.7)): for K in (2.57) large enough 

/ ^(0(1 - X{^,r))df,{0 < C{P)e-^ (39) 

for any polynomial P, where C{P) depends on P. This choice of K and 5 fixes the 
constants appearing in the bounds used in the proof. Then, we take p large enough 
so that (34,35) iterate (see (36, 37)) . Finally, take tq large, given p and the various 
constants appearing in the proofs, so that we can write e.g. < e~'^f or C < for 
r > Tq. In several estimates below, we replace a by r, which will be legitimate, using 
^ < 2. 

a — 

We will now prove Lemmas 1-3. 

Proof of Lemma 1. Let us denote r — a by t and K{T,a) by Kt- Kt is the funda- 
mental solution of the linear equation K — [C + V)K and we will use a Feynman-Kac 
representation for it. Since C is conjugated to the harmonic oscillator: 

e-e/^Ce^V^ = - ^ + 1 + 1 (40) 
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we may write 

t 

/I V{itj{s),<j+s)ds 
df,y{uj)eo (41) 

where dfi*^^,{uj) is the oscillator measure on the continuous paths u : [0,t] — > R with 
ti;(0) = C,', uj{t) = ^, i.e. the Gaussian probability measure with covariance kernel 

and mean / dfi^^^,{uj)uj{s) = uJo{s), where 

ujois) = (sinh^)-i(e sinh| + ^ sinh^). (43) 



The kernel of e*"^ is given explicitely by Mehler's formula 

4(1 - e-* 



e*^(e,0 = [Ml - e-')]-'/Ve^p [- ^^7' i?' ]- (44) 



Although the proof of Lemma 1 is long, most of it can be understood easily by 
considering (41), (44). If we replace Kf by e*^, we understand the LHS of (10), coming 
from (2.11). But the potential V, see (2.42), is of order for ^ of order one. The 
precise estimate is done in Lemma 5 below and gives as a correction the RHS of (10). 
In (11), the term on the LHS comes from V, as we saw in (2.52), and the RHS is as 
in (10). For (12), the first term on the RHS comes from the fact that e*^ contracts 0-^, 
which follows also from (2.11); however, we shall use an integration by parts and the 
explicit formula (44), in order not to expand as in (2.54). The second term in the RHS 
of (12) is the contribution to small ^, coming from large Looking at (44), we see that 
this contribution is small for large t. Finally, in (13), the first term in the RHS, i.e. the 
contribution from large is suppressed because the potential is no longer small, while 
the one coming from small ^' is controlled because V's is bounded by (9(r~^/^). 

Let us now bound each term in (8). Consider first 6m'- let = hm\\hm\\^^ ■ Then 
dmir) = {kra,XrKtip{(^)), whcrc Xt = xi^,'T), and ^^((t) = (A;„, ^^^^(cr)). We write for 
m = 0, 1, 

XrK, - e(^-T)*;^^ = ^^(e^^ - e(i-f )*) + Xr{K, - e*^) + e(^-t)*(x. - X.)- (45) 
Consider the first term in (45). Using (2,3) and (2.11), we have, writing x = Xt, 

(fc^,x(e*^-e(^-f)*)^) = j:[{e^'"i^'-e^'~'^^')A{km,xhr)] 

r=0 

+ {km, x(e*^ - e(i-f )*)7A^) + {km, X(e*^ - e(i-t)*)^z)-(46) 
For the first term in (46), use (39) to get 

I {km, XK) - Smr \ < Cc'"'. (47) 



16 



Indeed, by definition, {kmihr) — Smr- 

For the two other terms and for later purposes, we need the following property of 
the kernel of e*^, that follows easily from the exphcit expression (44): 

Lemma 4. Let < (1 + |^'|)*', for p > 0. Then 

\{e'^m)\<Ce\l + e-'/'\^\r (48) 

With Lemma 4 and equations (5, 39), we get, since {km, (e*'^ — e*^^"^^*)^'"'") = 0, for 
m < 2, 

|(A;^,x(e*^-e(^-f)*)V^)| = |(^^, (l-x)((e*^-l)-(e(^-t)*-l))V.^)| < C^lieV^ (49) 

Indeed, we may write e*^ — 1 — Jq dsCe^^, and use the fact that (1 — x)km G T^i^^) and 
£(1 — x)^m has support in |^| > which follows from the smoothness of x- 
Finally, for the last term in (46), using (6), and reasoning as above, 

■ f dse''-{i,i'){l-x{^,<j))<Cte-\ (50) 

JO 

and a similar bound for the term with 1 — e^^~^^*. Indeed, if we insert (44) and (2.7) 
into (50), we end up with the estimate 

sup e 4(i-e-) < e-2r_ ^5^-) 
^<2ft:ri/2,^/>ft:o-i/2 

for K large enough. We may use the square root in the LHS of (51) to control the 
integrals in (50) and the factor e* in (48). The constant Ai in (50) is bounded by the 
factor (T~2, for a large enough. 

For the second term in (45), we write again 

{kra,x{Kt - e''-)ij) = j2{km,x{Kt - e''')hr)A + {km,x{Kt - e*^)(V^^ + iPi)). (52) 

r=0 

Now we need some properties of Kf. 

Lemma 5. The kernel Kt{^,^') given by {4:l)satisfies 

m, e) = e*^({, 0(1 + -m, o + Ri^, o) (53) 

T 

where P2 is a polynomial 

P2{U)= E P^nrC (54) 
m+n<2 



17 



with \pmn\ < Ct, and R is hounded by 

\R{^,e)\<ctii+t)T-'ii + \^\ + \e\r m 

Moreover, 

\{k2, {Kt - {-f)h2)\ < Ct{l + t)T-' (56) 

T 

Using (53)-(55),(4), Lemma 4 and (2.7), we have, for m < 2, 

\{km, x{Kt - e''')hr)A\ < CAtT-'' r = 0, 1 

\{krr,,x{Kt - e*^)/i2)V'2| < CtT-^+' . (57) 

By (5) and Lemma 4, the ■^/'-'--tcrm in (52) also satisfies a bound hke the first inequahty in 
(57) and the ipi-ieim. is bounded as in (50). For the last term in (45), involving Xr — Xo-, 
we can bound its contribution by Cte~'^, using (2.7) as in (39). Hence, combining 
(45,47,49,50,57), we get 

\dm - e^^-^^Vml < CtT-^+\ m = 0, 1 (58) 
For m = 2, we write first 

XrKt - (^^) Xa = Xt (^Kt - (^^^ j + (Xr - Xa) 

Then, combine the previous bounds with (56), using only the first inequality in (57) 
since we use (56) for the r — 2 term. We get: 

\e2-{-f^2\<CAtT-\ (59) 

T 

This proves (10,11). 

Next, consider 0-^ in (8). Let be the projection in -L^(R, dfji) on the corresponding 
subspace. We write, using (2,3), 

= P^Ktij = P\Ktij^ + AP^xKthr + P^xKti^i (60) 

r=0 

and consider again the various terms separately. 
For the first term, we can write 

(Kti^^)^ jdi'M{.,i')f{0 (61) 

where, 

i.e., see (41,44), 

^ m,c'){e''){c,e) (63) 
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where we used the identity 



1 — e~' 1 — e^' 

and the notation 

t 

/I V(uj{s),<j+s)ds 

Now, (?/^^, hm) = 0, m<2 means (see (2.7)) / /(f )f = 0, m < 2. Thus, let 
be the m:th antiderivative of /, i.e. 

f^-"'-'\o= J ^e'/^-'^no- (65) 

— oo 

We have 

Lemma 6. For f defined in (62), 

|/(-™)(0| < CAt-\1 + |e|)^-"^e-«'/^ (66) 

for m < 3. 

Now write (61) by integrating by parts, 

{K.^P^m = j: [dl,Ni^,e)d^,{e''){^,C)f^-'-'\C)de 

+ / 4^(^'0(e^)(e,0/^''Hnrfe'. (67) 
We need the integration by parts formula for Gaussian measures 0: 

^?'(e^)(^,0 = ]^f^dsdsd^,C{s,s') j d^i\^,{uj)V'{uj{s),a + s)V'{uj{s'),a + s)eS^ 
+ ]- fdsd^,C{s,s) f dfiy{u;)V"{u;{s),a + s)eI^ (6J 

Since (see (2.42)) 



C 

V < - 

T 

1^1 < Cr-"/^ n = 0,l,2 (69) 

and C(s, s') is given by (42), we have / (i/i|^/(co')e-^^ < C and 

l%(en(e,ni<Cr-4(l + t)(|^| + |^'|). (70) 
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As for d'^,N, we get from (63), for i > 1, 

\di,Ni^,e)\ < ce-'^m + iei)^e«"/v^(e,o- (71) 

where we used (64,44) to rewrite the RHS. Thus, from (66), (67), (70), (71) and Lemma 
4, using T~^t{l + t) < e~ for r large, we get, 

|(X,V^)(0|<CAr-V*/^(l + 1^1)1 (72) 

To control P^x^t'4^'^i we use the following remark; let X[^) satisfy 

\xm<ri{i+w 

Then, using (2.7), we have 

|(A;^,^)| <C77. 

Hence, P^X(0 = ^(C) - E (A;^, X)/i^(C) satisfies 

m=0 

\P^X{0\<Cr^{l + \^\f (73) 

So, P-^xKt'4>'^ satisfies a bound hke (72). If t < 1, since the derivatives in (71) bring 
extra factors of t~^, so we do not integrate by parts as in (67), but derive the bound 
(12) for that term in (60) directly from Lemma 5, Lemma 4 and (5). 

Now consider the second term in (60). Since Kt is given by Lemma 5, we obtain 

mxKthrm - i^re'^'-^^\xKm\ < CAr-'+'-^'/'e\l + \^\% (74) 

Indeed, we get At~^^^ from (4); for the P2 term in (53), we have and, using Lemma 
4, 

|e*V2M(0l<Ce*(l + |er) 

since r < 2. But, on the support of x, |^| < 2Kt^/'^, so we can replace one power of |^| 
by 2i^r^/^. Similarly, for R in (53), we get from (55) and Lemma 4, a bound with 
and (1 + 1^1)^ and we control by r^/^. Now, using (73), we get a bound like (74) on 
P^{i)r{xKthr){i) - iJre^^^~'^\xhr){i))- We still have to consider V^^e*(^-5)p-^x^r, ^ < 2. 
But, by definition, P-^h^ = 0, and we can replace x by (1 — %), and use 

\{l-X)hr\<T-'/\l+\i\f 

since r < 2 and |^| > Kt^/'^ on the support of (1 — x). Then, by (73) again, P^{l — x)hr 
satisfies a similar bound. Hence, the second term of (60) has a bound like the RHS of 
(74). 

For the last term in (60), we use the bound (69) on V", to get From (41), Kt{^,^') < 
Ce*^(^,^'). Then, using (6) and (44), we have 

\\{l+\e)-'xKM^ < CAeV-V2sup(l + lel^)-^ 

.^_e(,e-v-r)^^(^, - + t)(l - X(r, a)) < I fi'^" I f ll (75) 
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for a suitable to- Indeed, for t large, we get e~^'^ < e~'^(CA;e*)~^ from e"*^*^^^ */2_^')2 
the characteristic functions, while, for t small, we get C, — C,' and therefore (1 + I^CI^)"^ ^ 
CT~'^I'^ from (1 — xl^'j o"))- Then, proceeding as for (72, 73), we get a bound on the last 
term of (60), which can be written as CA^e^* ''""^(1 + ICR foi' large. This bound is of 
course rather arbitrary, but convenient. 

Hence, combining (72), (74) and (75), and using r~'^/^+'^e* < e~*/^ in (74), we have 

\e\i.T)\<CT-\Ae-'l^ A,e-'\\^m. (76) 

This proves (12). 

Only Qi remains to be bounded. We have (see (9)), 

di^{\- x)Kt^ - (1 - x)Kt{^s + ^i). (77) 

By (3, 4, 5), we have, using < IKa^l'^ , \'^,\ < CAa'^^^. Now, use Kt < Ce*^ (from 
(69) and (41)) and (48) with p = 0, to get 

WKtil^sW < CAe^r-^. (78) 

This gives a bound on the first term of (77). 
For the second term, we use 

Lemma 7. Let x be the function (2.57). Then, 

||i^t(l-x)||oo<Ce-*/^'. (79) 



Thus, 

\\KtMoo<CAie-'K-'/^ (80) 

The bound (13) for Oi follows from (78) and (80). □ 
Now, we shall prove Lemmas 5-7 that were used in the proof of Lemma 1. 

Proof of Lemma 5. We start with the Feynman-Kac formula (41). Let 

t 

/A J V{u){s),a+s)ds 
dfiy{uj)e . (81) 

M is in A (in fact C°°) and 

t 

M(l) = 1 + J ds J dfj,y{uj)V{u;{s), a + s) + M (82) 



with 



1 



t r A J V(ui{u),a+u)dv 



M= dX{l-X) / dsds' dfiy{uj)V{L.is),a + s)V{u{s'),a + s')e o . (83) 
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We have the following bounds for V given by (2.42): 



V < - (84) 

\V{u;,t)\ < Ct-^(1 + |a;|)^ (85) 
V{uj,t) = t-'Q{uj)+V{uj,t) (86) 

with Q{lj) a polynomial of degree 2 in with bounded coefficients and where V satisfies 

|F(a;,r)|<^(l + |a;|)^ (87) 

Insert now (86) in (82) and, in (83), insert (84) in the exponent and (85) elsewhere. 
Using formulas (42), (43) for the covariance of n, the claims (53)- (55) follow. P is 
produced by Q in (86), while R collects M and V. 

Finally, we prove estimate (56). We want to show that the contribution of the second 
term in (82) to (/c2, A't^2) is as claimed in (56). 

Note that the term M in (82) can be absorbed into the RHS of (56). Also, by (86), 
we may replace V in (82) by t^^Q, the error again being absorbed into the RHS of (56). 

Using (14) and (2.42), we compute 

We could now calculate the Gaussian integral in (82) directly, using the covariance (42) 
and the fact that Q is a polynomial. The result, however, can be obtained directly, by 
noting that the above estimates imply that 

\-^{k2,Kth2) - ^4'\r)\ < C{l + t)T-' (89) 

(with t = r — a) where '^2°'' solves the equation 

^4°^ = ih, r-'Q{-)h)4'' = -^^.^2' = -2r-^4'' (90) 

with initial condition ip2^\a) = 1. Indeed, we may first replace, with error bounded by 
(89), Kt by e*^(l + /o rfs-^^^^^^^^J^) (use (82-87)). Then, using e^^ki = ki, we replace 
{k2,Kth2)hy 

^(,,(.)j;,,i2M)Ld,,(.))^ 

where, again, the error is bounded by (89). Differentiating gives (89, 90). The solution 
of (90) is V2°V) = which yields (56). □ 

Proof of Lemma 6. We show: let / fdx = and |/(a;)| < A[l + \x\P)e~^^^^ then 

\f~^\x)\ < CA(1 + \x\P-^)e-'^'/\ (91) 
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The claim then follows by induction in m using the fact that / f{x)x"^dx = for m <2 
implies / f^~"^\x)dx = for m < 2; (91) follows from a simple calculation: let e.g. 
X > 0. Then, since / fdx = 0, 

POO 

\f^-'\x)\<A {l + \y\P)e-y'/'dy< 

J X 

roo , „ 

A / u-^il + k|P/2)e-«dM < CAil + b|^'-^)e-^ 

□ 

Proof of Lemma 7. We will use both the oscillator formula (41) and another Feynman- 
Kac formula for Kt, in terms of the Wiener measure, which follows from the conjugation 
(40): 

=exp [{l + \)t+\{e-e)] I duy{u)e^^-^ (92) 

where 

t 

U{cj) = J {V{u{t), a + t)- ^u;{tf)dt (93) 



and is the Wiener measure on continuous paths lu : [0, t] —>■ R, a;(0) = a;(t) = ^ 
with the normalization 

lduy{u;)^e'^\^,a (94) 

We want to estimate 

I m,e){i - x{e,^m' < ce-*/^ (95) 

uniformly in ^. Let us divide the integral into two regions: 

(a) Let |ee-*/2 - > |^'|/4. By (84), (41) and (44) 

Kti^,C) < C(l - e-yh'e^^. (96) 

and that contribution to (95) is bounded by e~"' for K in (2.57) (and a) large enough. 

(b) Let |^e-*/2 - ^'1 < hence, for ^' > 0, say, ^ e [|e*/2^', f e*/^^']. we use the 
representation (92) and condition on the first time t such that u!{t) — if a; visits 

at all. So, 

J rfi/|,^,(c.)e^(-) = JdhJ di/|^,^,(^i > |)/ diylf^,{^2)e''^^^''^'^ 



+ ldi.y{u)x{uJ>lae''^-^. (97) 

where di/* ;,(a; > a) is the measure on paths cu such that a;(0) = b, u!{t) — a, and uj{s) > a, 
ior s < t, defined by 



/ F{u;)dul,{u; > a) ^ 2^ J F{uj)d 
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One can check that this defines an expectation and that (97) holds by the method of 
images. Below we shall only use the formula 



J dvl^{uj > a) 



(b — a) (a-bf 

Y e 

(47rt3)2 



which is the probability density that t is the first time at which cu, starting from b, 
reaches a. Hence, 

J^dh j du'y ^^,{ui>^-)<l (98) 

For the second term in (97) (this is where the extra contraction in large ^ comes from!), 
since |c<;(t)| > -fr^/^ (because of the characteristic function in (95)), we have from (93, 
2.42), 



p — 1 

1 1 r 



for K (and r) large enough. Using (92, 41), the contribution of the second term in (97) 
to (95) (see (92)) is then bounded by 

e-a+|)*|e*^(e,0^e'<e-*/^ (99) 

since £1 = 1. For the first term in (97), use (84) to bound 

1 ''r' Ct 
U{uji U UJ2) < -— / uj2it)^dt + — (100) 
lb J T 


so that, using (98), this term is bounded by 

C sup (e(*-*i)(^^-fi)(e,|))-. (101) 
tie[o,t] ^ 

Hence, using (40,92) its contribution to Kf is bounded by 

C sup e(*-*i)^(e,|). (102) 
From the Mehler formula (44), since (let ( = t — ti) 

{ie-^l^ - |)^ > (|)^ (103) 

(recall that ^ > |e*/2^')> this term, inserted in (95), contributes 0{e-'^'^) = 0(e-'"). 
Thus the claim follows by combining this bound with (96, 99). □ 
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Proof of Lemma 2. We shall prove the following bounds for a defined in (2.44): 

|am(s)| < Cs"^ m = 0,l (104) 

\a2{s)\ < Cs~^ (105) 

\a\^,s)\ < C(1 + |C|V (106) 

hi{;s)\U < Cs-"^ (107) 

Then, using Lemma 1 with ipi'^) replaced by a{s), K{T,a) replaced by K{t,s), and 

2p-l 

integrating over s, we get (16-19). We shall first show that, when a = 2b(p — 1) i-p , 
(104) holds and then show that, if we choose b = b*, (105) holds also. For (104), we note 
that, using (2.7) 

\{hm, -^b + Wrio - 770 + M(77o))| < Cs-^ (108) 

Indeed, we may Taylor-expand M{r]o) in the scalar product. Prom the expression (2.34) 
for (fh, we deduce (we set Cp = (p — 1) i^) 

2b 

\{hm,^'i + Cpj^^—^) \ < Cs-' (109) 

C 2p-l 

but (j,_!'i-^2 = (p ~ 1) and therefore, the contribution of (f'l to order s~ and of r^o = f 
in (2.44) cancel each other (actually, in (109) only m = is needed, since hi is orthogonal 
to constants). This proves (104). 

Next, consider (105). Since /i2 is orthogonal to constants, (r/o, /i2) = {Vo: ^2) = 0, and 



we want to show that 

\{h2,ip'^-iPb + W7jo + M{7jo))\<Cs-' (110) 
Again we Taylor-expand and get 

i(/^2,^;'-^.-c,(^^^av-^-^a^^^^ (111) 

\ih2,iW + j^^)m)\<Cs-' (112) 

\{h2,M{rio))\<Cs-' (113) 



because the only term in coming from M{r]o) is constant, i.e. is orthogonal to /i2- 
Now, we compute (/i2, ^^) = ||^2p = 8, (/i2, 9^C^) = 96. Thus, all terms of order s""^ will 
cancel if the following equation holds: 




96p6^ 86 \ 8pba 

2(P - 1)^ ~ Jp^J ^ 



Using our choice of a, this is an equation for b, whose solution is b* ~ So, (105) 

holds. 

The bounds (106,107) are rather trivial. Since a is a smooth function of with 
bounded derivatives, we would get a bound with in (106) from a Taylor expansion. 



25 



But we have an extra s ^ factor coming either from 770 or from derivatives; (107) is 
proven by inspection. □ 

Proof of Lemma 3. Prom (1.11), (2.5) together with (2.43), we get 

\Nm,s))\<C{m,s)f + e-'^'). (114) 
where p = min(p, 2) > 1. Equations (21), (24), (25) and 

s-'^'{l + < Ct-'^^' (115) 

which holds ior a < s, t < a + p, imply, for ip & Bq, 

IW-,5)|U<Cr-V2+5. (116) 

So, we have, using K^^siC,^') < Ce(^-^)^(^, ^') (from (41) and (84)) and Cl = 1 for the 
second term in (114), 

\Xim,r)\<CiiT-^^'y-'J^^ds J deK,-si^,eme,s)\ + iT-a)e^^--^e-n. (117) 
We want to show that 

\Kr-smr<Ce^^-'^\^\s (118) 

Write I'^l = I'lpXsl + |'0(1 ~ Xs)\ a-nd estimate in (118) separately the large ^ and the 
small ^ parts of the norm (21). We have, using Kt-_s{^,^') < Ce'^'^~^^^{^,^') (coming 
from (84)), and (48), 

while, for x^i^^_,5|?/'(l — Xs)\, we can use a bound like (75). This proves (118) for 
1^1 < 2Kt^/'^. For large |^|, we can use (78,80) and the bound (116). 

Now, for 5 small and r large (so that C(r"2+^)P~ie'' < r"^^), we get from (117,118), 
and (23-25), 

\\S{^l^)-^l^^'\^\\Nml<Pr-'' (US) 

as required. The proof of (26) is similar. 

To prove of (28, 29), write N = XsN + (1 - xj^, and use instead of (114) 

\XsNm,s))\<C{xsm,s)\'' + e-'^). 

because, for |^| small, we can Taylor-expand N. By (21,23-25), we have IxV'P ^ 
Ct-^+2^(1 + l^n. Now, using K^_s{i,i') < Ce^^-''>^{^,^'), Lemmas 4 and (2.7), we 
get (28,29) for XsN. For (1 - Xs)N, we use the bound (114) on N and (39,51). The 
proof of (30,31) follows immediately from (119) and the definition of the norm (where 
we can of course replace phy t — a). □ 
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4 The proof, k > 1 

We need to study the equation (2.2) with F = 0: 



^ = L-\'-y^-^^^^^ (1) 



and with initial data as in (1.14): 

</'(e,ro) = /aO(l+ E ^^r(p-l + &n-')+5(0 (2) 

i=0 

We want to prove the 

Theorem 4. There exist f < oo and £ > such that for Tq > f and g in C°(R) with 
\\g\\oo < £ there are constants rfj G R such that the equation {l)with the initial data (2) 
has a unique classical solution, which satisfies 

\M;r)-m-)U^O (3) 

as T — > oo, for some b* > 0, where b* ^ b as e ^ and tq — > oo. 

We reduce the proof of the Theorem again to proving certain inductive properties of 
(fi as we increase r in discrete units. First we introduce the deviation of ip from fi,. It is 
convenient to write this in the form 

<^(e,T)=A*(0(l + e6(0V'(e,T)) (4) 

where we introduced 
Then (1) is equivalent to 

ij = £ri^ + iV(^) + Driij') + PrW (6) 

where 

r.. = r -2r92 - . 

2k 



Cr = L;'di - -^d^ + 1, (7) 



the nonhnear term is given by 

N{^|J) = {l + eb^|Jy-l-peb^|J (8) 

and 

= -^Lfe,e'-'i^' (9) 
PM) = Lfe'-'e.iOiai + a^e^ + ic^s + c^Ae'eM- (10) 
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where ctj = ai{k,p, b) are constants. Note that, as opposed to (3.41), there is no potential 
in (7). This will greatly simplify the analysis, see Lemma 1 below. Due to the factor 
L~^, the Dt, Pt terms will be small, like the "irrelevant" F in Section 3. 
Let 

(U) 

and consider ip{a) of the form 

[M] 

ij{a) - M(^)hm{; ct) + ^'^((j) = V'^ + V'^ (12) 

m=0 

where [•] denotes the integer part and ip-^ is C° in ^, is bounded by 

|V^^(<7)U^sup(L;^ + |^r)-^|V^^(e,<7)| <£(a) (13) 

and is orthogonal in L^(R, d/Zo-) to hm{c) with m < [M], where the scalar product is 
defined by (2.32). Also assume 

\^M\<[:^Jy/. ^Uj, (14) 

and take 

for 5 > 0. The reason for choosing M larger than 2k is that the integration by parts 
works only for such large M, see Lemma 1 below. However, to control the nonlinear 
term (8), we cannot take M too large. We will need N{'^) to be bounded by |^|^. But, 
with the choice (11), (e^V)^ < C|^|(^-2*^)f = C\i\^ . We have then the 

Proposition. Given p > 0, there exist 5 > and f < oo such that if a > f and ip{a) 
satisfies (12)-(14) then the equation (6) has a unique classical solution, forr e [cr, cr + p] 
which can he expressed in the form {12) with 

iV'm(r) - e(--'^)(^-t)V'r„(<7)| < (r - a)C{p)e{af (15) 
|V'^(T)|r < Ce-^("-")£(a). (16) 

Here and below, C (p) < Ce'^^. We will now prove the Theorem, given the Proposition. 
Proof of Theorem 4. Let (p{^,To) be given by (2). We put (see (4)) 

2k-l [M] 

To) = E + (P - 1 + be')^^g{0 = E i^m{To)hm{^, Tq) + ^^{^ Tq) (17) 

i=0 m=0 

and get from (2.30)-(2.32), 

\xl^m{ro)-dm\<C{L-^ + L^^e) m<2k, (18) 
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iV'ml < CL^I'^e m>2k (19) 

and, since 

[M] 

i>'^ =7- ^rnin, h^)ra{hm, hm)~^ (20) 

m=0 

with ^ — [p — h^'^^) ^ g, we find 

[M] 
m=0 

< CsL^(L-^ + |er) (21) 

where we use, see (2.30), 

IMe,T)|<C(L;- + |er). (22) 

Therefore, given tq, we may, by taking e small, satisfy (12)-(14) for a — tq. Moreover, 
as in Section 3, instead of varying dm in (1-14), we can vary ipm{To), ^ < 2A;, in (17), in 
the interval defined by (14) with a — Tq. Put now t„ = Tq + np, and write 

V^(e,T-.) = A„(0(l + e6„(0^(e,rn)) (23) 
with -0 satisfying (12)-(14) with cr = t„. By the Proposition, 

(^(e, W) = A„ (0 (1 + efe„ (0^(e, Tn+l)) 



with ip satisfying 
and 

Put now 



iV'm - e^^'-^/''^i,m\ < C{p)pe{Tnf (24) 
|V5^|r„+i <Ce-?^£(r„). (25) 



hn+l = hn - i'2k (26) 

whereby, for 5 small enough in the definition of e((j), 

<^(e, r„+i) = (0(1 + e,„+, (0 V^(e, r)) (27) 

and 

- e^(^-™/''^Vm| < C{p)pe{Tr,f m<2k (28) 

|?2fcl <Cp£(^«)'<^K+i)^ (29) 
|^„|<£(r„+i) m>2k (30) 

IV'^lrn+i < e{Tn+i). (31) 

We use C{p)e{Tn)'^ < £:(r„+i) and C(p)£:(rn)t < £(r„+i). Moreover, by the same topo- 
logical argument as in Section 3, we now establish the existence of ■0m(7b) for m < 2k, 
such that in (23) satisfies (12)-(14) for all n. The contrary assumption would now 
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allow us to construct a homotopy between the identity and constant maps respectively 
from S'^^ S'^'^. From (26, 24, 14) we then deduce that 



K — 

n— »oo 



and |6* — 6o| < C£{tq) 2 , with 60 — b, imphes that 6* — > 6 as £ — > and Tq — > 00 (see (18, 
19, 21)). □ 

We now turn to the proof of the Proposition. We consider the following integral 
equation related to our PDE (6): 

T 

V'(t) = Kr^a) + I dsKrsiNiijjis)) + Ps(il^{s))) + V(jIj, r) (32) 

(7 

where 

P(^, r) = Apkb{p - l)-i £ dsLf I d^'d^iK^si^, OebiO^'^'-'me, s) (33) 

A classical solution of (6) satisfies (32). Note that !>(■?/', r) is obtained by integration 
by parts from the term that naturally follows from the integration of (6). This form is 
more convenient for us since we want to work with data. We show that (32) has a 
unique solution in a suitable space and that this solution is the classical solution of (6). 
Let us introduce the following norms in C°(R). We write t/j e C°(R) as in (12) 

[M] 

m= T.^n^hm{^,a)+iJ^{0 (34) 
m=0 

and let 

[M] 

Ma = E \^rn\ + (35) 
m=0 

with |V'"'"|o- defined in (13). It is straightforward to check that 

^^i(^)llV^II<llV^IU<C2(a)||^|| (36) 

with Cj > and 

||V'||=sup(l + |er)-^|V(OI, (37) 

so C°(R) is complete in the norm || • \\^. 
Write (32) as 

^(r) = i/j^r) + J\f{tlj, r) + V{iIj, t) + ©(V', r) (38) 

with (using (2.33)), 

[M] 

r{T) = KrM'^) = E e^^-^^^'-^^^^mhmiC, t) + K,.^^ . (39) 

m=0 



30 



Let us first bound t/j^: 
Lemma 1. We have 

WKra^^Wr < Cs-^^^'-"^ U^W^. (40) 

Proof We use the conjugation (2.24): let 

^(0 = i^HK'O, m = {Kr.i^^){L;'0 (41) 

whence 

e = e^^-^^^e (42) 

and (see (35, 13)), 

1^(01 <^;''(i + ier)ii^^ll. (43) 

with 

{9,hm)^0 m < [M], 

where the scalar product now is given by (2.10). Proceeding as in the derivation of 
(3.67), we get, for r — cr > 1, 



(e(- 



< Ce(^-'^)e-([^l+^)^L;^(l + |^|^)||V^|U (44) 

where N{^, is defined in (3.63), /(^) = e~^^^^6{^) and we used the analogue of Lemma 
3.6, i.e. 

for < m < [M] + 1, and Lemma 3.4. Since by (11) and (2.4), 



_ Ml 

e 



we get 

\Kr.^\0\ < Ce-^(L;^ + \^nU^^. (45) 

For T — cr < 1 we need not integrate by parts and the bound follows using (3.48). □ 
In particular, from Lemma 1 and (39, 13, 14) we deduce 

< C{p)e{a). 

To solve (32), consider the ball 

B = {i/j eC^(Rx[a,a + p]) \ sup i|V^ - V'^H^ < e(a)^} 

where p = min(p, 2). Note that, for ip & B, we have, for s e [a,a + p] 

\Ms)\ < C(p)e(a) 

|V'^(.)| < C{p)e{a){L:^ + \Cn (46) 



31 



We have then 

Lemma 2. Equation (32) has a unique solution ip & B. The properties {15) and (16) 
hold for ■0. 

Proof of Lemma 2. We shall use the contraction mapping principle. Let us first bound 
the nonlinear term 



Here (use (2.33)) 



and 



a 

[M] 

E-^-(^)^-(e,T)+A^^(e,T). (47) 

m=0 



-A4.(r)=/d.e(-)(-t)^^^. (48) 

T 

Af^{;T) = J dsKrsN^ii^is)) (49) 



Consider first J\fjn{T). Let xiO — xdCl ^ 1) ^^'^ X'^ = 1 ~ X ^-^d insert 

in (48). From (8) and the bounds (46) on we have 

Ix^iVl < x%C{p)e{a)e,\^rr < {C{p)e{a)m'^ (50) 
(use (5) and recall that M — 2kp{p — 1)~^) and therefore from (2.32) 

|%^l^|<e-^?/'^<6(<7)^. (51) 

As for xN, Taylor expanding, we obtain 

K 

xN = J2cjX{ebi^y+RK (52) 

with the bound for the remainder 

\Rk\ < CxMf^' < {C{p)e{a)f+\ (53) 



Thus, 

\'^m-i '^m)s 

provided we take K > K{5). 



(54) 
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For the sum in (52) insert the decomposition (12): 

x{e,^Y = X(e6^<)^' + S, (55) 
and, by the bound (46) for -0-*-, we get, for 5" = Yl,f=2 (^j^j 

\S\<C{p)e{afx{0{L-^ + \ir). (56) 

Thus 

<C{p)L^-''e{af<C{p)e{af. (57) 



For the first term in (55), we insert 

e.-(p- i)-\U-^y + (58) 
and the expansion (12) for ^0^, to get 

A^f: c,x{e,ry = E Cn,pXe n C^C + eiafe'^'-^'hQ = A, + A, (59) 

where n = (ni, . . . ,n^M])- S^^i > 2 and xQ is bounded. 

For Ai, put X = 1 — X^, estimate the x'^-term by (51) and use 

,{K^^J{K%, JO p + En,<m 

-m-p-E". (60) 



{hm,hm)s i <CLs ^ ' p + T,ni>m 

and (46), to get 

<C(p)e(a)2. (61) 



For ^2, take 2k{L + 1) > M to obtain (61) again, for A2. Thus, inserting (51, 54, 57, 
61) into (48), 

\Mrn{T)\<{T-a)C{p)e{af (62) 

for T e [cr, (7 + p] . 

For jV"*- in (47, 49), we proceed in a similar fashion; (50) yields 

\{x''N)^\<{C{p)e{a)nL;'' + \^n (63) 

using X-*- = X — J2o^^ h„i{h„i, hm)s^{hm, X)s, (3.74), and the first inequality in (51). 
For (xiV)-*-, we write as in (52, 55, 59), 

XN ^A + S + Rk. (64) 

S has the bound (56), and, from (53), we get, for K large, 

\Rk\ < e{afL-^. (65) 
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As for A, by (59), A2 satisfies a bound like (56) and for Ai we divide tfie sum into 
P + T,ni> [M] and < [M] . For tlie first sum, 

[M] 

xienci<c(L7^+ien (66) 

1=1 

since hi is bounded by (22), and, for the second sum, replace % = 1 — by —x'^ since 
1 will not contribute to A-^ ( (^^Ill^i K^)'^ = for these terms). Since \^\ > 1, in this 
case 

[M] 

xien^ri<^ier (67) 

i=l 

and altogether 

|^^|<C(p)e(<7)2(L7^+|en (68) 
(we used again the fact that this bound for A implies it for A-^). By (63), (65), (68), 

\N^\ < C{p){e{af + e(a)^)(L;^ + ^1^) (69) 

and therefore, using (41, 42) and Lemma 3.4, 

\N^\<C{p){T-aMaf + e{aY){L-'' + \if). (70) 

We may bound C{p){t — a){e{a)'^ + e{a)P) by e{a)~ . 
Next, we consider V in (38). From (10) we have 

iP.xl < CL;2|er-' (71) 

which fits to our bounds (see (63)). The |^| < 1 analysis proceeds as above. 

Finally, for the V term in (33), the terms where d^> does not act on K are estimated 
as above and we write the remaining term as ipkhip — 1)~^F with 



F(0 = / dsLf f di'e^d^K^sii, e')p(e', ^) = E Pmhm + (72) 

where p{i'is) = {^'Y^~^ei){^')%lj{^\s), and where we used (2.27, 2.28) to change d^i into 
d^. We write again 

[M] 

P = E Pmhm + (73) 
m=0 

and we have from (46), 

||p(.)||,<C(p)6(<7). (74) 
Since d^^hm — mhm-i and the adjoint of in (•, •)r is —d^ + we have 

\Fm{T)\ < (m+1) rdsL;2e(i-t)(--)|p^+i(s)|+(r-a)C(p)L;i(/i^,ei^,,p^),(/i^,/iJ;^ 

Jo- 

(75) 
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Therefore 

|F„(r)| < (r - a)C{p)L-M'y) < (r - 'j)e{af . (76) 

As for F-*-, we have 

r dsL-^e^dKrsP{s)^ (77) 
and we need the bound for dK, derived from (2.27, 2.28): 

m^s{^,0\ < C{p)L5.^.{e'^i - O < ^^5i^.(e^e - O (78) 

2 y T — s 2 

(where, recall, = 1/^(1 — e*""^)"^). This implies 

< C{p)L-M'^) < e{af (79) 

The bounds (62, 70), (76, 79), and similar bounds for the other terms in P, V, imply- 
that the RHS of (32) maps B into itself. That this map also contracts in this ball is 
showed in a similar fashion. Finally, (15) follows from (32, 39, 62, 76) and (16) follows 
from (32, 40, 70, 79), using p > 1 in (70) to bound its RHS by e'^^e{a){L-^ + 
□ 

To conclude the proof of the Proposition, we need to show that the ip as constructed 
above actually is in ^ and in r on (a, a + p]. 

For smoothness, the idea is to improve the smoothness of ip iteratively using (32) 
and the regularity properties of the kernel K. This is completely straightforward, but 
we will sketch the argument here for completeness. Let us consider the least regular 
term in (32) i.e. the F term in (72). The bound (78) may be improved to 

(r — ,S") 2 2 2 

(80) 

for 7] > 0. This implies that F is ^' (Holder continuous with exponent 1 — 77). The 
other terms of V, A/", and V are analyzed similarity to be C^^^'. Thus our solution 
ip G C^^'^, and, by considering the solution of the linear equation, we see that its 
1 — 77 Holder norm is bounded hy 0({s — a) 2^) for s — cr small. With this knowledge 
we next prove that F e C^~^. Indeed, 

T 

j dsLf j di'H{U) (81) 

where, putting the derivative back on and using / d^'d^iKTs{ii^') — 0, we have 

H{i, O = %i^r.(^, r)(p(r, s) - pie'^t s)) (82) 

and we may now use the Holder property of p (for each power of — e^^|, one gains 
a power of |t — s|^/^) to bound 

/ dmm.a < C{p){r - s)-^(. - a)-^ (83) 
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1 — 77 

where the (s — cr) ~ comes from the Holder estimate on Now, (83) is integrable in 
s, for 77 small. Thus -0 is C^. This allows us to integrate by parts and to write (33) as : 

P(^, r) = -4pA;6(p - 1)-^ dsL^^ J di' K,s{L i')eb{i')f'''d^,ij{i', s) (84) 

and by the above argument to prove that V and hence is C^"''. 
Finally, we write (38), reasoning as in (82), 

a^(e,r) = a^°(e,T) +jdsj cie'a^i^..(e, 0(^(0 - ^(O) (§5) 

with ^ e C^~'^ and apply the argument above to conclude that is C^. The derivative 
with respect to r is similar. This concludes the proof of the Proposition. □ 
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